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ON SOME ENRICHED CONTRACTIONS IN BANACH SPACES
PRATIKSHAN MONDAL1, HIRANMOY GARAI2, LAKSHMI KANTA DEY3.
Abstract. In this paper, we introduce two new types of enriched contractions,
viz., enriched A-contraction and enriched A′-contraction. Then we obtain fixed
points of mappings satisfying such contractions using the fixed point property
of the average operator of the mappings. Further, we study the well-posedness
and limit shadowing property of the fixed point problem involving the con-
tractions, and give some examples to validate the results proved. We frame an
open question related to the existence of a fixed point of such contractions. We
also show that Berinde and Pa˘curar’s recent results on different kinds enriched
contractions and some well known classical fixed point results are particular
cases of our results.
Keywords: Banach spaces; enrichedA-contraction; enrichedA′-contraction;
well-posedness; limit shadowing property.
1. Introduction and preliminaries
Fixed point theory is one of the most rapidly growing branch of mathematics
due to its applicability in different areas of pure and applied mathematics. Sev-
eral researchers are engaged in this field to study fixed point of a self-map by
generalizing the underlying space as well as the contraction condition. One of the
main focus of this study is to find a set of sufficient condition(s) to ensure the
existence of a fixed point which is the self image of the map under consideration.
To reach such conditions, several mathematicians have introduced a number of
contractions and used these in several structures to obtain fixed point, common
fixed point, coincidence point of a map. Some of such contractions are introduced
recently and looks very interesting to study. One such contraction is enriched con-
traction, which is introduced very recently by Berinde and Pa˘curar, see [5]. We
first recall the definition of enriched contraction.
Definition 1.1. ( [5, p. 2, Definition 2.1]). Let (X, ‖ · ‖) be a normed linear
space. A self map T onX is called an enriched contraction if there exist b ∈ [0,∞)
and θ ∈ [0, b+ 1) such that
‖b(u− v) + Tu− Tv‖ ≤ θ‖u− v‖
for all u, v ∈ X . In this case the mapping T is called a (b, θ)-enriched contraction.
The class of enriched contractions contains the Picard-Banach contractions as well
as some non-expensive mappings, e.g., a Picard-Banach mapping with constant
k is a (0, k)-enriched contraction.
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Berinde and Pa˘curar showed that an enriched contraction T defined on a Ba-
nach space possesses a unique fixed point. They obtained this result by using the
fixed point property of the map Tλ, where Tλ(u) = (1− λ)u+ λTu, 0 < λ < 1.
It is to be noted that the enriched contraction introduced by Berinde and
Pa˘curar involves the displacement ‖u−v‖ only, which indicates that this contrac-
tion is basically the enriched version of Banach contraction. We know that for two
points u, v the other displacements are ‖u−Tu‖, ‖v−Tv‖, ‖u−Tv‖, ‖v−Tu‖ and
there are a lot of interesting contractions involving these displacements, some of
them are due to Kannan [10], Chatterjea [7], Reich [12], C´iric´ [8,9], Bianchini [6],
Khan [11] etc. (see [13] for more contractions of this type). So it will be attrac-
tive to apply enrichment technique to the contractions by the above mentioned
mathematicians. Berinde and Pa˘curar did this task for Kannan and Chatterjea
mappings, see [3,4]. So it is open in the literature to apply enrichment technique
to the contractions of Reich [12], C´iric´ [8, 9], Bianchini [6], Khan [11] etc. If we
want to apply this technique to the above-named contractions separately, then
we have to prove a handful number of results. So if we can establish a very few
results involving enriched contractions, from which all the enriched versions of
the aforesaid contractions can be deduced, then it will be simple and concise to
the literature. Motivated by this observation, in the present article, we introduce
two new types of enriched contractions, viz., enriched A-contraction and enriched
A′-contraction. Then we prove two fixed point results showing that a self map-
ping T satisfying anyone of these two contractions admits a fixed point if the
underlying space is a Banach space. Further, we show that from our obtained
results, the enriched versions of the contractions due to Kannan, Chatterjea, Re-
ich, Bianchini, Khan and many other contractions can be deduced. Along with
these, we show that the fixed point problems related to these two contractions
are well-posed and possess limit shadowing property. We give few examples to
support the validity of our results.
Before going to our main work, we first recollect a few result and definitions,
which will be useful in our next sections. At first, we recall the following result
due to Akram et. al [1].
Theorem 1.2. cf. ( [1, p. 29, Theorem 5]). Let a self map T on a complete
metric space (X, d) satisfies the condition:
d(Tu, Tv) ≤ α(d(u, v), d(u, Tu), d(v, Tv))
for all u, v ∈ X and some α ∈ A, where A is the collection of all functions
α : R3+ → R+ satisfying
(i) α is continuous on the set R+ (with respect to the Euclidean metric on
R
3).
(ii) a ≤ kb for some k ∈ [0, 1) whenever a ≤ α(a, b, b) or a ≤ α(b, a, b) or
a ≤ α(b, b, a) for all a, b.
Then T is a Picard operator.
Next, we recall the well-posedness and limit shadowing property of a mapping.
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Definition 1.3. Let T be a self map defined on a metric space (X, d). Then the
fixed point problem concerning T is known as well-posed if the followings hold:
(i) T has a unique fixed point p ∈ X ;
(ii) for any sequence {un} in X with lim
n→∞
d(un, Tun) = 0, we have
lim
n→∞
d(un, p) = 0 .
Definition 1.4. Let T be a self-map defined on a metric space (X, d). Then the
fixed point problem involving T is said to possess limit shadowing property in X
if for any sequence {un} in X such that lim
n→∞
d(un, Tun) = 0, we have p ∈ X with
lim
n→∞
d(T np, un) = 0.
2. Enriched A-contraction and enriched A′-contraction
In this section we give the formal definitions of enriched A-contraction and
enriched A′-contraction mappings. To do this, we need two family of mappings
which satisfy certain properties. Let A be the collection of all mappings f : R3+ →
R satisfying the following conditions:
(A1) f is continuous;
(A2) if r ≤ f(s, r, s) or r ≤ f(r, s, s), then there exists k ∈ [0, 1) such that
r ≤ ks;
(A3) for λ > 0 and for all r, s, t ∈ R+, λf(r, s, t) ≤ f(λr, λs, λt).
Let A′ be the collection of all mappings f : R3+ → R satisfying the following
conditions:
(A′1) f is continuous;
(A′2) if r ≤ f(r, s, s) or r ≤ f(s, s, r), then there exists k ∈ [0, 1) such that
r ≤ ks;
(A′3) for λ > 0 and for all r, s, t ∈ R+, λf(r, s, t) ≤ f(λr, λs, λt);
(A′4) if t ≤ t1, then f(r, s, t) ≤ f(r, s, t1);
(A′5) if r ≤ f(s, 0, r + s), then r ≤ ks for some k ∈ [0, 1);
(A′6) if r ≤ f(r, r, r), then r = 0.
Below we present few example of mappings f belonging to the class A:
(i) f(r, s, t) = α(s+ t), where 0 ≤ α < 1
2
;
(ii) f(r, s, t) = αmax{s, t}, where 0 ≤ α < 1;
(iii) f(r, s, t) = αmax{r, s, t}, where 0 ≤ α < 1;
(iv) f(r, s, t) = α1r+α2s+α3t, where 0 ≤ α1, α2, α3 < 1 and α1+α2+α3 < 1.
The following mappings f belong to the class A′:
(i) f(r, s, t) = α(s+ t), where 0 ≤ α < 1
2
;
(ii) f(r, s, t) = α(r + s+ t), where 0 ≤ α < 1;
(iii) f(r, s, t) = αmax{s, t}, where 0 ≤ α < 1.
Next, we define enriched A-contraction and enriched A′-contractions in the fol-
lowing way.
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Definition 2.1. Let (X, ‖ · ‖) be a real Banach space. Let T : X → X be a
mapping such that there exists an f ∈ A with
‖b(u− v) + Tu− Tv‖ ≤ f((b+ 1)‖u− v‖, ‖u− Tu‖, ‖v − Tv‖) (1)
for all u, v ∈ X with u 6= v and b ∈ [0,∞). Then T is said to be an enriched
A-contraction.
Definition 2.2. Let (X, ‖ · ‖) be a real Banach space. Let T : X → X be a
mapping such that there exists an f ∈ A′ with
‖b(u−v)+Tu−Tv‖ ≤ f((b+1)‖u−v‖, ‖(b+1)(u−v)+v−Tv‖, ‖(b+1)(v−u)+u−Tu‖)
(2)
for all u, v ∈ X with u 6= v and b ∈ [0,∞). Then T is said to be an enriched
A′-contraction.
Next, we give some examples of the above two types of contractions.
Example 2.3. LetX = R and take the usual norm onX . Consider the mappings
T1, T2 : X → X defined by
T1u = −2u
for all x ∈ X and
T2u =
{
u+ 16, if u ∈ [1, 2]
16, if u /∈ [1, 2].
Then T1 is an enriched A-contraction for b = 54 and f(r, s, t) = s+t3 , and T2 is an
enriched A′-contraction for b = 1
3
and f(r, s, t) = 1
3
r + 1
4
s+ 1
4
t.
Next, we present an example which is not an enriched A-contraction.
Example 2.4. Let X = R be the Banach space equipped with usual norm.
Define
Tu =
{
1 + u if u ≥ 0
0 if u < 0
for all u ∈ X .
We claim that T is not an enriched A-contraction on X . If possible, let T be
an enriched A-contraction on X . Then there exists b ∈ [0,∞) such that
‖b(u− v) + Tu− Tv‖ ≤ f((b+ 1)‖u− v‖, ‖u− Tu‖, ‖v − Tv‖)
for all u, v ∈ X .
Let us take u, v ∈ X be such that u, v ≥ 0. Then
‖b(u− v) + Tu− Tv‖ ≤ f((b+ 1)‖u− v‖, ‖u− Tu‖, ‖v − Tv‖)
=⇒ ‖(b+ 1)(u− v)‖ ≤ f((b+ 1)‖u− v‖, 1, 1).
Then there exists k ∈ [0,∞) such that
|(b+ 1)||u− v| ≤ k · 1
=⇒ |u− v| ≤ k
b+ 1
for all u, v ≥ 0 with u 6= v, which is a contradiction.
Hence T is not an enriched A-contraction on X . Note that T admits no fixed
point in X .
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3. Main Results
In this section, we present the following two results that ensure the existence of
fixed point of the two contractions, mentioned here, if the domain of the mapping
is a Banach space.
Theorem 3.1. Let X be Banach space and T be an enriched A-contraction.
Then T has a unique fixed point in X and there exists λ ∈ (0, 1] such that the
sequence {un} defined by un+1 = (1− λ)un + λTun, n ≥ 0 converges to that fixed
point, for any uo ∈ X.
Proof. Let b > 0. Set λ = 1
b+1
> 0. Then the from (1), we get
‖Tλu− Tλv‖ ≤ λf
(
1
λ
‖u− v‖, ‖u− Tu‖, ‖v − Tv‖
)
≤ f(‖u− v‖, ‖u− Tλu‖, ‖v − Tλv‖) (3)
for all u, v ∈ X with u 6= v.
Let u0 ∈ X be arbitrary. Define un = T nλ u0 for all n ≥ 1. Let us put u = un
and v = un−1 in (2). Then we have
‖un+1 − un‖ ≤ f(‖un − un−1‖, ‖un − un+1‖, ‖un−1 − un‖)
which implies that
‖un+1 − un‖ ≤ k‖un − un−1‖
for some k ∈ [0, 1). From this we get
‖un+1 − un‖ ≤ kn‖u1 − u0‖.
Now for all m,n ≥ 1, we have
‖un+m − un‖ ≤ ‖un+m − un+m−1‖+ ‖un+m−1 − un+m−2‖+ · · ·+ ‖un+1 − un‖
≤ (kn+m−1 + kn+m−2 + · · ·+ kn)‖u1 − u0‖
= kn
1− km
1− k ‖u1 − u0‖
which implies that ‖un+m − un‖ → 0 as m,n → ∞. Hence {un} is a Cauchy
sequence in X and hence there exists an element p ∈ X such that un → p as
n→∞.
Now
‖Tλp− un+1‖ ≤ f(‖p− un‖, ‖p− Tλp‖, ‖un − un+1‖).
Taking limit as n→∞, we get
‖Tλp− p‖ ≤ f(‖p− p‖, ‖p− Tλp‖, ‖p− p‖)
which implies that
‖Tλp− p‖ ≤ k · ‖p− p‖ = 0.
This implies that Tλp = p and consequently Tp = p. Therefore, p is a fixed point
of T .
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Let q ∈ X be another fixed point of T and consequently a fixed point of Tλ.
Then
‖p− q‖ = ‖Tλp− Tλq‖
≤ f(‖p− q‖, ‖p− Tλp‖, ‖q − Tλq‖)
= f(‖p− q‖, ‖p− p‖, ‖q − q‖)
= f(‖p− q‖, 0, 0).
Therefore there exists a k ∈ [0, 1) such that ‖p− q‖ ≤ k · 0 = 0. Hence p = q.
If b = 0, then (1) reduces to the form
‖Tu− Tv‖ ≤ f(‖u− v‖, ‖u− Tu‖, ‖v − Tv‖)
for all u, v ∈ X with u 6= v. Hence the result follows from Theorem 1.2. 
Theorem 3.2. Let X be Banach space and T be an enriched A′-contraction.
Then T has a unique fixed point in X and there exists λ ∈ (0, 1] such that the
sequence {un} defined by un+1 = (1− λ)un + λTun, n ≥ 0 converges to that fixed
point, for any u0 ∈ X.
Proof. Let b > 0. Set λ = 1
b+1
so that 0 < λ < 1. Now note that
u− Tλv = (u− v) + λ(v − Tv) and v − Tλu = (v − u) + λ(u− Tu).
Then the from (2), we get
‖Tλu− Tλv‖ ≤ λf
(
1
λ
‖u− v‖,
∥∥∥∥1λ(u− v) + v − Tv
∥∥∥∥ ,
∥∥∥∥ 1λ(v − u) + u− Tu
∥∥∥∥
)
≤ f(‖u− v‖, ‖(u− v) + λ(v − Tv)‖, ‖(v − u) + λ(u− Tu)‖)
= f(‖u− v‖, ‖u− Tλv‖, ‖v − Tλu‖) (4)
for all u, v ∈ X with u 6= v.
Let u0 ∈ X be arbitrary. Define un = T nλ u0 for all n ≥ 1. Let us put u = un
and v = un−1 in (2). Then we have
‖un+1 − un‖ ≤ f(‖un − un−1‖, ‖un − un‖, ‖un−1 − un+1‖)
≤ f(‖un − un−1‖, ‖un − un‖, ‖un−1 − un‖+ ‖un − un+1‖)
which implies that
‖un+1 − un‖ ≤ k‖un − un−1‖
for some k ∈ [0, 1). From this we get
‖un+1 − un‖ ≤ kn‖u1 − u0‖.
Now for all m,n ≥ 1, we have
‖un+m − un‖ ≤ ‖un+m − un+m−1‖+ ‖un+m−1 − un+m−2‖+ · · ·+ ‖un+1 − un‖
≤ (kn+m−1 + kn+m−2 + · · ·+ kn)‖u1 − u0‖
= kn
1− km
1− k ‖u1 − u0‖
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which implies that ‖un+m − un‖ → 0 as m,n → ∞. Hence {un} is a Cauchy
sequence in X and hence there exists an element p ∈ X such that un → p as
n→∞.
Now
‖Tλp− un+1‖ ≤ f(‖p− un‖, ‖p− un+1‖, ‖un − Tλp‖).
Taking limit as n→∞, we get
‖Tλp− p‖ ≤ f(‖p− p‖, ‖p− p‖, ‖p− Tλp‖)
which implies that
‖Tλp− p‖ ≤ k · ‖p− p‖ = 0
for some k ∈ [0, 1).
Hence Tλp = p and consequently, Tp = p. Thus p is a fixed point of T .
Let q ∈ X be another fixed point of T and hence a fixed point of Tλ. Then
‖p− q‖ = ‖Tλp− Tλq‖
≤ f(‖p− q‖, ‖p− Tλq‖, ‖q − Tλp‖)
= f(‖p− q‖, ‖p− q‖, ‖q − p‖)
which implies that ‖p− q‖ = 0. Hence p = q.
If b = 0, then (2) reduces to the form
‖Tu− Tv‖ ≤ f(‖u− v‖, ‖u− Tv‖, ‖v − Tu‖)
for all u, v ∈ X with u 6= v.
Let u0 ∈ X . Define the sequence {un} by un = T nu0 for all n ≥ 1. Then just
replacing Tλ by T in the above proof, the result follows. 
We now note an important observation about the above two results, which is
presented in the following remark.
Remark 3.3. In most of the contractions for Banach space valued mappings,
we see that if the domain of the mapping is a closed subset (not necessarily a
subspace) of a Banach space, then the mapping possesses a fixed point. But this
fact is not true in case of enriched contractions. More precisely, in the above two
theorems, if the domain of the mapping T is a closed subset of a Banach space,
then T may not acquire a fixed point. To support this, we consider the following
example.
Example 3.4. Choose X = R with usual norm and take C = (−∞,−1]∪ [1,∞).
Define T : C → C by Tu = −2u for all u ∈ C. Then T is an enriched A-
contraction for b = 5
4
and f(r, s, t) = s+t
3
but T is fixed point free.
In view of Remark 3.3., we pose the following open question:
Open Question 3.5. Does there exist a self map defined on a subspace (not
necessarily closed) of a Banach space satisfying enriched A-contraction (resp.
enriched A′-contraction) having a fixed point?
By choosing particular f in above two theorems, we have the following remarks.
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Remark 3.6. If we choose f(r, s, t) = αr, where 0 ≤ α < 1; f(r, s, t) = α(s+ t),
where 0 ≤ α < 1
2
; f(r, s, t) = α1r + α2s + α3t, where 0 ≤ α1, α2, α3 < 1 and
α1 + α2 + α3 < 1; f(r, s, t) = αmax{s, t}, where 0 ≤ α < 1; f(r, s, t) = α
√
st,
where 0 ≤ α < 1 in Theorem 3.1, then we get the enriched versions of the
contractions of Banach [2], Kannan [10], Reich [12], Bianchini [6] and Khan [11]
respectively.
Remark 3.7. If we choose f(r, s, t) = α(s + t), where 0 ≤ α < 1
2
in Theorem
3.2, then we get the enriched version of the Chatterjea contraction [7]. Also, for
f(r, s, t) = αmax{s, t}, where 0 ≤ α < 1; f(r, s, t) = α1r + α2s + α3t, where
0 ≤ α1, α2, α3 < 1 and α1 + α2 + α3 < 1 in Theorem 3.2, the enriched versions of
the following two contractions respectively, can be acquired:
• ‖Tu− Tv‖ ≤ αmax{‖u− Tv‖, ‖v − Tu‖}, 0 ≤ α < 1;
• ‖Tu− Tv‖ ≤ α1‖u − v‖ + α2‖u − Tv‖ + α3‖v − Tu‖, 0 ≤ α1, α2, α3 < 1
and α1 + α2 + α3 < 1.
Remark 3.8. One can perceive from the above remarks that Berinde and Pa˘curar’s
results regarding existence of fixed point of different types of enriched contrac-
tions [3–5] are particular cases of our results.
For b = 0 and some particular f in Theorem 3.1 and 3.2, we obtain some
classical fixed point results, which is presented in the next remarks.
Remark 3.9. In particular for b = 0 and for f(r, s, t) = α(s+t), where 0 ≤ α < 1
2
;
f(r, s, t) = α1r + α2s + α3t, where 0 ≤ α1, α2, α3 < 1 and α1 + α2 + α3 < 1;
f(r, s, t) = αmax{s, t}, where 0 ≤ α < 1; f(r, s, t) = α√st, where 0 ≤ α < 1
in Theorem 3.1, we can obtain the classical fixed point results of Kannan [10],
Reich [12] and Bianchini [6], Khan [11] respectively as corollaries.
Remark 3.10. For b = 0 and f(r, s, t) = α(s + t), where 0 ≤ α < 1
2
in The-
orem 3.2, the classical fixed point theorem of Chatterjea [7] can be deduced as
a corollary. Also for b = 0 and f(r, s, t) = αmax{s, t}, where 0 ≤ α < 1;
f(r, s, t) = α1r + α2s + α3t, where 0 ≤ α1, α2, α3 < 1 and α1 + α2 + α3 < 1
in Theorem 3.2, two fixed point results concerning the following contractions
respectively, can be deduced:
• ‖Tu− Tv‖ ≤ αmax{‖u− Tv‖, ‖v − Tu‖}, 0 ≤ α < 1;
• ‖Tu− Tv‖ ≤ α1‖u − v‖ + α2‖u − Tv‖ + α3‖v − Tu‖, 0 ≤ α1, α2, α3 < 1
and α1 + α2 + α3 < 1.
We now take a couple of examples in support of the Theorem 3.1.
Example 3.11. Let us consider the Banach space (X, ‖ · ‖), where X = C[0, 1]
and ‖ · ‖ is the sup norm. Next, we define a mapping T : X → X by (Tu)(t) =
−2u(t) for all u ∈ X and t ∈ [0, 1]. We choose f ∈ A, defined by f(r, s, t) =
1
3
(s+ t) and b = 5
4
. Then for any u, v ∈ X , we have
f((b+ 1)‖u− v‖, ‖u− Tu‖, ‖v − Tv‖) = 1
3
(
‖u− Tu‖+ ‖v − Tv‖
)
= ‖u‖+ ‖v‖,
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and
‖b(u− v) + Tu− Tv‖ = ‖b(u− v)− 2u+ 2v‖
= |b− 2|‖u− v‖ = 3
4
‖u− v‖.
Therefore,
‖b(u− v) + Tu− Tv‖ ≤ f((b+ 1)‖u− v‖, ‖u− Tu‖, ‖v − Tv‖)
holds for all u, v ∈ X . So T is an enriched A-contraction. So by Theorem 3.1, T
has a unique fixed point. Note that u ∈ X defined by u(t) = 0 for all t ∈ [0, 1],
is the unique fixed point of T
Example 3.12. Let X = R be the Banach space equipped with usual norm.
Define T : X → X by Tu = 6− u for all u ∈ X .
Let us consider the mapping f : R3+ → R+ defined by f(r, s, t) = 16 max{s, t}
for r, s, t ∈ R+. Then f ∈ A. Let b = 1. Then we have
‖b(u− v) + Tu− Tv‖ = 0
and
f((b+ 1)‖u− v‖, ‖u− Tu‖, ‖v − Tv‖) = 1
6
max{‖2u− 6‖, ‖2v − 6‖,
which shows that
‖b(u− v) + Tu− Tv‖ ≤ f((b+ 1)‖u− v‖, ‖u− Tu‖, ‖v − Tv‖)
for all u, v ∈ X . Therefore, T is an enriched A-contraction on X . It is to be
noticed that 3 is the unique fixed point of T .
Next, we present another couple of examples, which validate Theorem 3.2.
Example 3.13. Let us take the Banach space X = C[0, 1
4
], equipped with sup
norm. We define a mapping T : X → X by (Tu)(t) = tu(t) for all u ∈ X and for
all t ∈ [0, 1
4
]. We choose b = 1
4
and f ∈ A′, defined by f(r, s, t) = 9
20
max{r, s, t}.
Then for any u, v ∈ X , we have
‖b(u− v) + Tu− Tv‖
= sup
t∈[0, 1
4
]
|bu(t)− bv(t) + tu(t)− tv(t)|
≤ sup
t∈[0, 1
4
]
|b+ t| sup
t∈[0, 1
4
]
|u(t)− v(t)|
=
1
2
‖u− v‖
≤ 9
20
(b+ 1)‖u− v‖
≤ f((b+ 1)‖u− v‖, ‖(b+ 1)(u− v) + v − Tv‖, ‖(b+ 1)(v − u) + u− Tu‖).
Thus T is an enriched A′-contraction. So by Theorem 3.2, it follows that T
possesses a unique fixed point in X and note the fixed point is u′, where u′(t) = 0
for all t ∈ [0, 1
4
].
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Example 3.14. Let X = R be the Banach space equipped with usual norm.
Define T : X → X by Tu = 2− u for all u ∈ X .
Let us consider the mapping f : R3+ → R+ defined by f(r, s, t) = s+t6 for
u, v, w ∈ R+. Then f ∈ A′. Let us choose b = 1. Then we have
‖b(u− v) + Tu− Tv‖ = 0
and
f((b+1)‖u−v‖, ‖(b+1)(u−v)+v−Tv‖, ‖(b+1)(v−u)+u−Tu‖) = |u− 1|+ |v − 1|
3
.
So
‖b(u−v)+Tu−Tv‖ ≤ f((b+1)‖u−v‖, ‖(b+1)(u−v)+v−Tv‖, ‖(b+1)(v−u)+u−Tu‖)
for all u, v ∈ X . Therefore, T is an enriched A′-contraction on X . It is to be
noticed that 1 is the unique fixed point of T .
Finally, we study well-posedness and limit shadowing property of fixed point
problem for both types of contractions defined in the present paper.
Theorem 3.15. Let X be Banach space and T be an enriched A-contraction.
Then the fixed point problem is well posed.
Proof. Theorem 3.1 ensures us that T possesses a unique fixed point p, say.
It has been shown in Theorem 3.1 that if b ∈ (0,∞), then the contraction
condition
‖b(u− v) + Tu− Tv‖ ≤ f((b+ 1)‖u− v‖, ‖u− Tu‖, ‖v − Tv‖)
for all u, v ∈ X with u 6= v, can be reduced to the form
‖Tλu− Tλv‖ ≤ f(‖u− v‖, ‖u− Tλu‖, ‖v − Tλv‖)
for some λ > 0. In this case it is to be noted that ‖u− Tλu‖ = λ‖u− Tu‖ for all
u ∈ X .
Therefore, lim
n→∞
‖un − Tun‖ = 0⇐⇒ lim
n→∞
‖un − Tλun‖ = 0.
Now let {un} be a sequence in X such that lim
n→∞
‖un − Tλun‖ = 0. Then
‖un − p‖ ≤ ‖un − Tλun‖+ ‖Tλun − p‖
= ‖un − Tλun‖+ ‖Tλun − Tp‖
≤ ‖un − Tλun‖+ f(‖un − p‖, ‖un − Tλun‖, ‖p− Tλp‖).
Taking limit as n→∞, we get
lim
n→∞
‖un − p‖ ≤ f( lim
n→∞
‖un − p‖, 0, 0).
Therefore there exist k ∈ [0, 1) such that lim
n→∞
‖un − p‖ ≤ k · 0 which implies that
lim
n→∞
‖un − p‖ = 0.
Now, if b = 0, then the contraction condition reduces to
‖Tu− Tv‖ ≤ f(‖u− v‖, ‖u− Tu‖, ‖v − Tv‖)
for all u, v ∈ X with u 6= v.
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In a similar way, it can be shown that lim
n→∞
‖un − p‖ = 0. Hence the result
follows. 
Theorem 3.16. Let X be Banach space and T be an enriched A′-contraction.
Then the fixed point problem is well posed.
Proof. Theorem 3.2 ensures us that T possesses a unique fixed point p, say.
It has been shown in Theorem 3.2 that if b ∈ (0,∞), then the contraction
condition
‖b(u−v)+Tu−Tv‖ ≤ f((b+1)‖u−v‖, ‖(b+1)(u−v)+v−Tv‖, ‖(b+1)(v−u)+u−Tu‖)
for all u, v ∈ X with u 6= v, can be reduced to the form
‖Tλu− Tλv‖ ≤ f(‖u− v‖, ‖u− Tλv‖, ‖v − Tλu‖)
for some λ > 0. In this case it is to be noted that ‖u−Tλv‖ = ‖(u−v)+λ(v−Tv)‖
and ‖v − Tλu‖ = ‖(v − u) + λ(u− Tu)‖ for all u, v ∈ X .
Therefore, for any sequence {un} in X , we have
lim
n→∞
‖un − Tun‖ = 0⇐⇒ lim
n→∞
‖un − Tλun‖ = 0 .
Now let {un} be a sequence in X such that lim
n→∞
‖un − Tλun‖ = 0. Then
‖un − p‖ ≤ ‖un − Tλun‖+ ‖Tλun − p‖.
Now,
‖Tλun − p‖ = ‖Tλun − Tλp‖
≤ f(‖un − p‖, ‖un − Tλp‖, ‖p− Tλun‖)
= f(‖un − p‖, ‖un − p‖, ‖p− Tλun‖)
Then we get a k ∈ [0, 1) such that ‖Tλun − p‖ ≤ k · ‖un − p‖.
Therefore, we have
‖un − p‖ ≤ ‖un − Tλun‖+ k · ‖un − p‖
for some k ∈ [0, 1). This implies that
‖un − p‖ ≤ 1
1− k‖un − Tλun‖
and therefore by taking limit as n→∞, we have lim
n→∞
‖un − p‖ = 0.
Now, if b = 0, then the contraction condition reduces to
‖Tu− Tv‖ ≤ f(‖u− v‖, ‖u− Tv‖, ‖v − Tu‖)
for all u, v ∈ X with u 6= v.
In a similar way, it can be shown that lim
n→∞
‖un − p‖ = 0. Hence the result
follows. 
Theorem 3.17. Let X be Banach space and T be an enriched A-contraction
(resp. an enriched A′-contraction). Then the fixed point problem involving T
possesses limit shadowing property in X.
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Proof. We have already shown in Theorem 3.1 (resp. in Theorem 3.2) that
lim
n→∞
‖un − p‖ = 0, where p is the unique fixed point of T . Then for any n ∈ N,
T np = p and therefore
lim
n→∞
‖un − T np‖ = 0.
That is
lim
n→∞
‖T np− un‖ = 0.
Hence the fixed point problems has limit shadowing property in both the cases.

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